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On solutions of Shrodinger and Dira equations in spaes
of onstant urvature, spherial and elliptial models
Exat solutions of the Shrodinger and Dira equations in generalized ylindrial
oordinates of the 3-dimensional spae of positive onstant urvature, spherial
model, have been obtained. It is shown that all basis Shrodinger's and Dira's
wave funtions are nite, single-valued, and ontinuous everywhere in spherial
spae model S3. The used oordinates (ρ, φ, z) are simply referred to Eiler's angle
variables (α, β, γ), parameters on the unitary group SU(2), whih permits to
express the onstruted wave solutions Ψ(ρ, φ, z) in terms of Wigner's funtions
Djmm′(α, β, γ). Speiation of the analysis to the ase of ellipti, SO(3.R) group
spae, model has been done. In so doing, the results substantially depend upon the
spin of the partile. In salar ase, the part of the Shrodinger wave solutions must
be exluded by ontinuity onsiderations, remaining funtions are ontinuous
everywhere in the elliptial 3-spae. The latter is in agrement with the known
statement: the Wigner funtions Djmm′(α, β, γ) at j = 0, 1, 2, ... make up a orret
basis in SO(3.R) group spae. For the fermion ase, it is shown that no Dira
solutions, ontinuous everywhere in elliptial spae, do exist. Desription of the
Dira partile in elliptial spae of positive onstant urvature annot be orretly
in the sense of ontinuity adjusted with its topologial struture.
Key words: spherial, elliptial, geometry, Shrodinger and Dira equation,
Wigner funtions, Eiler angles, ontinuity, urvature, spin, topology.
1. Introdution
The main quantum mehanial equations (say, for deniteness, salar Shrodinger and
fermion Dira ones) are assumed to have the orresponding wave funtions be given in the
whole spae. So, the global struture of the spae model, its topologial properties, may be
of substantial signiane in the quantum mehanial ontext.
In the present paper, two anonial examples, Shrodinger's and Dia's equations on
the manifolds of the unitary SU(2) and orthogonal SO(3.R) groups have been examined in
detail. These manifolds provide us with topologially dierent variants of the most simple
Riemannian spae, the 3-spae of onstant positive urvature, spherial S3 and elliptial
S˜3 models respetively. These two groups, SU(2) and SO(3.R), are widely used in many
appliations, in the same time the groups give simple and familiar realizations of these two
geometrial models, that an be followed in detail by quite elementary mathematial tools.
So, in these simple systems, the inuene of the topology in quantum mehanis an be
traed in terms of exat solutions.
In the paper, solutions of the main equations in the spae S3 and S˜3 will be onstruted
in the oordinates (ρ, φ, z) whih an be onsidered as extension of the familiar ylindrial
oordinates in at spae. These urved oordinates (ρ, φ, z) an be referred to the Eiler angle
variables: α = φ+ z , β = 2ρ , γ = φ− z . The latter gives possibility to express any given
wave solution (Shrodinger's or Dira's) in terms of Wigner's funtions Djmm′(α, β, γ).
There exists one other point making the quantummehanial problem under onsideration
of interest in onnetion with the old and eminent theorem in the theory of ompat groups.
The theorem by Peter and Weyl ([1℄, see its formulation in [2℄ states:
Òåîðåìà I: Let Gˆ = {T s} be the set of all irreduible unitary representations√
ds D
s
jk(g) , s ∈ Gˆ , 1 ≤ j, k ≤ ds , ds stands for the dimension of the
representation. Matrix elements Dsjk of the representation T
s
make up the full


















| Csjk |2 .
The Theorem I an be signiantly strengthened.
Òåîðåìà II : Let f(g) be a funtion ontinuous in G. For any ǫ > 0 there









jk(g)] | ≤ ǫ g ∈ G .
This Theorem II states that any funtion f(g) ontinuous in G an be represented by
the series in terms of Dsjk(g), and this series oinides with the initial funtion g(g) in all
the points of G. By the Theorem I, the funtion f(g), disontinuous somewhere in G, an
be exatly approximated by the series only at the points of ontinuity.
It should be noted that in spite of the wide use the Eiler's parameters in the theory
of groups SU(2) and SO(3.R) in the literature there exist full onfusion in pointing out a
domain in whih the variables (α, β, γ) should hange to be orret in ontext of the Peter-
Weyl theorem II  see [3-20℄. In that sense, the most interesting analysis of the problem had
been given in [21℄.
As a rule, they operate only with the expliit form of matrix elements Dsjk(α, β, γ) and
with the orthogonality onditions for them. At this any lear distintion between dierent
variants G(α, β, γ) has not bee ahieved. In the literature we an see eah of the following
domains:
G = 2π ⊗ π ⊗ π , G = π ⊗ π ⊗ 2π , G = 2π ⊗ π ⊗ 2π ,
G = 4π ⊗ π ⊗ 4π , G = 2π ⊗ π ⊗ 4π , G = 4π ⊗ π ⊗ 2π , G = 2π ⊗ 2π ⊗ 2π .
As a rule, without any speial examining, it is taitely assumed that all funtions involved
are ontinuous. In the essene, two dierent onepts, a funtion ontinuous in the manifold
SU(2) or SO(3.R), and a funtion ontinuous with respet to three variables (α, β, γ), are
not distinguished. Till now, no speial treatment joining dierent points of view does not
exist. So other additional aim of the present work is to give suh an analysis that might
give possibility to use the Peter-Weyl theorem II orretly. In the same time, the question of
parametrization of unitary and orthogonal groups by Eiler variables must be fully laried in
the framework of the main goal of the present work  to nd exat solutions of Shrodinger
and Dira equations in the spaes of onstant positive urvature. Beause it is evident in
advane that the main requirements for these are their niteness and ontinuity in all the
points of spherial S3 and ellipti S˜3 spaes.








1 = 1 , na = na(ρ, φ, z) ,
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in the the generalized ylindrial oordinates
n0 = cos ρ cos z , n3 = cos ρ sin z , n1 = sin ρ cosφ , n2 = sin ρ sin φ ,
G(ρ, φ, z) : ρ ∈ [0, π/2], φ, z ∈ [−π,+π]
That ylindrial parametrization has some peuliarities. The domain G may be divided into
three parts: G1, G2, G3 dependently on the values of ρ : ρ ∈ (0, π/2), ρ = 0, ρ = π/2. At
this the domains G2(0, φ, z) and G3(π/2, φ, z) orrespond to 1-dimensional losed urves:




3 = 1 ,




2 = 1 .
Therefore, any wave funtion Ψ(ρ, φ, z) ontinuous in the spae S3 must obey a number of
denite restritions:
(G1) : Ψ(0, ρ < π/2, φ, z) = Ψ(0, ρ < π/2, φ± 2π, z ± 2π) ,
(G2) : Ψ(0, φ, z) = {Ψ(z) = Ψ(z ± 2π), or const },
(G3) : Ψ(0, φ, z) = { Ψ(φ) = Ψ(φ± 2π), or const }.
Taking the elliptial model (3) will muh hange the all treatment. As "Cartesian" may
be used the known Gibbs [22℄ oordinates ~c = (c1, c2, c3)
1
O(~c) = I + 2
~c × + (~c ×)2
1 + ~c 2
;
as seen to any pair of inversely direted vetors of innite length orresponds the same
matrix, point in ellipti spae:
~c + = +∞ ~c0 , ~c − = −∞ ~c0 , ~c 20 = 1 , O(~c +) = O(~c −) = I + 2(~c ×0 )2 .
Cylindrial parametrization of the spae S˜3 has its own peuliarities. The domain G˜(ρ, φ, z)
should be derease twie as muh and new identiation rule for the boundary points should
be aepted (here only one way to hose the domain G˜ is detailed):
Identiation in G˜
(+1)


























G˜2(0, φ, z) : ρ = 0 , ~c = (0, 0, tan z), φ− íåìàÿ ;
G˜3(0, φ, z) : ρ = π/2 , ~c =∞ (cosφ, sinφ, 0), z −mute .
The requirement of ontinuity in ellipti spae S˜3 must be agreed with these identiation
rules. In that way it is shown that the obtained solutions of Shrodinger equation in S3 an
1
For detailed and systemati exposition of the theory of the rotation group in terms of ~c-parameters and
muh further extensions see the book [10℄.
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be divided into two lasses as follows: the rst type funtions turn out to be disontinuous
in spae S˜3 and therefore they should be exluded from the list of "good" basis funtions.
The seond type solutions are ontinuous both in spherial and ellipti spaes and they make
up the full basis system in S˜3. In view of referring the oordinates (ρ, φ, z) to Eiler variables
SU(2) è S0(3.R), the above an be formulated (4 -5) as follows: basis for ontinuous
funtions on the group SU(2) onsists of Djmσ(α, β, γ) with j = 0, 1/2, 2, 3/2, ...; basis of
ontinuous funtions on the group S0(3) onsists of Djmσ(α, β, γ) with j = 0, 1, 2, ....
It is natural to examine in analogous way the ase of Dira partile in spherial and
elliptial spaes. In 6 the Dira equation is speied in spherial spae; ylindrial oordinates
and tetrad are used. The wave solutions Ψǫ,λ,m,k(t, ρ, φ, z), eigenfuntion of four operators
have been looked for. The problem is redued to a linear system of radial equations for
two funtions f1(ρ), f2(ρ). In 7 a speial transformation is found f1(ρ), f2(ρ) =⇒
G1(ρ), G2(ρ) , whih permits to solve the problem forG1(ρ), G2(ρ) in terms of hypergeometri
funtions. Further (8- 11 ) the quantization rules for ǫ, λ,m, k are to be derived and
orresponding wave funtions are to be onstruted.
The main requirement is: these wave funtions must be nite and ontinuous in the spae
S3. The formulation of the latter ondition in the urved spae is muh more omplex in ase
of fermion. The matter is that besides the simple tehnial ompliation  the number of
omponents of a bispinor is four  the mathematial formalism itself, by Tetrode-Weil-Fok-
Ivanenko [23-25℄, involves an additional loal gauge transformations  for the ase under
onsideration those are loal tetrad SU(2) rotations. These gauge transforms onneted
with the freedom in speifying tetrads are singular so that the expliit form of ontinuity
requirement depends upon the oasional hoie of the tetrad.
Stritly speaking, the same problem is in at spae as well. Indeed, the wave funtions
being single-valued in Cartesian tetrad do not look single-valued in the ylindrial tetrad.
Therefore, if one starts with that ylindrial tetrad one will fae the problem  whih solutions
are ontinuous and whih ones are not.
In the ase of spherial spae S3 the all situation is more omplex though prinipally the
same. The role of a Cartesian tetrad basis in S3 belongs to the onformally at tetrad. In
Supplement A, an expliit form of the spinor gauge matrix B(ρ, φ, z) referring ylindrial and
onformally-at tetrads is alulated. The main point is that the fermion wave funtion may
be disontinuous in the ylindrial basis but it must beome ontinuous in onformally-at
basis.
In partiular, beause the gauge matrix B(ρ, φ, z) ontains the trigonometrial funtions
of the half angles φ/2 andz/2 the quantum numbers m and k must take the the half-integer
values. In quantum number λ, the proper value of the urved heliity operator, the energy
levels are twie degenerated: ǫ =
√
M2 + λ2 . Finally, all hypergeometri funtion involved
beome polynomials when the λ is quantized as follows: λ = ±3/2, 5/2, 7/2, ... In 11 the
speial analysis, showing that all the onstruted fermion wave funtions are ontinuous in
all the spae S3, is given. In addition (9), all the solutions with λ = ±1/2 must be exluded
by ontinuity reason.
In 12 the Dira equation in ellipti spae S˜3 has been onsidered. Appliation of the
tetrad formalism in this model has its own peuliarities. In partiular, beause of (2 → 1)-
orrespondene between points of spherial and ellipti manifolds any tetrad given in the
spae S3 provides us with two dierent tetrads in elliptial spae S˜3. For instane, the











(1 + c2) (1 + δ
√
1 + c2)
, δ = ±1 ,
Suh a doubling is a onsequene of the following: ellipti manifold an be onstruted from
spherial one by two ways: on the base of the half-spae S3 ontaining the point na =
(+1, 0, 0, 0) or on the base of the half-spae s3 ontaining another point na = (−1, 0, 0, 0).
In the same manner, ylindrial oordinates and tetrads of spherial spae produe a
pair of oordinate systems and tetrad in ellipti spae whih manifests itself as freedom to
use any of two dierent domains: (φ, z) ∈ G˜(+1)(φ, z) and (φ, z) ∈ G˜(−1)(φ, z). We have
been alulated the tetrad gauge matrix L(δ) referring artesian and ylindrial tetrads, then
alulate the orresponding spinor gauge matries (for both ases δ = +1,−1):




cyl(ρ, φ, z) , ψ
(δ)
cart = ±B−1(δ) (ρ, φ, z) ψ(δ)cyl .
So there exist two artesian representations for fermion wave funtions and any of these an
be used in onsidering the requirement of ontinuity for fermion wave funtions
2
.
It is shown that all Dira wave solutions onstruted ontinuous in spherial spae model
beome disontinuous when speifying them to ellipti model. Therefore, desription of the
Dira partile in elliptial spae of positive onstant urvature annot be orretly in the
sense of ontinuity adjusted with its topologial struture.
The paper is divided into three parts. In the rst part (2 -5), we onsider Shrodinger
equation, in spherial and then in elliptial spae models. In the seond part (6 - 11)
onstrut exat solutions of the Dira equation on the sphere S3, all the funtions founded
are ontinuous in the spae. Third part (12 -13) treats the ase of Dira equation in elliptial
spae. It is shown that no Dira solutions, ontinuous everywhere in elliptial spae, do exist.
PART I. SHCR

ODINGER EQUATION IN SPHERICAL AND ELLIPTICAL
SPACES, EILER PARAMETRIZATION AND WIGNER D-FUNCTIONS
2. Shrodinger equation in spherial spae S3.
The ylindrial oordinates on the sphere S3 are dened by
n0 = cos ρ cos z , n3 = cos ρ sin z , n1 = sin ρ cosφ , n2 = sin ρ sin φ ,
dl2 = [ dρ2 + sin2 ρdφ2 + cos2 ρdz2 ] , ρ ∈ [0, π/2] , φ, z ∈ [−π, π] . (2.1)
For a small part of the spae S3 in viinity of na = (1, 0, 0, 0) the quantities (ρ, φ, z) beome
ordinary (at) ylindrial oordinates. The Shrodinger generally ovariant equation







where ǫ = E/(h¯2/MR2) stands for the partile energy, being speied in the system (2.1)
will take the form
[ sin−1 ρ cos−1 ρ (∂ρ sin ρ cos ρ ∂ρ) + sin−2 ρ ∂2φ + cos
−2 ρ ∂2z + 2ǫ ] Φ = 0 . (2.2a)
2
Two other possibilities resulting from ombination of the above two have been onsidered as well.
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Solutions an be searhed as ylindrial waves Φ(ρ, φ, z) = e+iMΦ e+iKz R(ρ) ; for R(ρ) one
has the equation
[ d2/dρ2 + (cos ρ/ sin ρ− sin ρ/ cos ρ)d/dρ+
+ 2ǫ−M2/ sin2 ρ−K2/ cos2 ρ ] R(ρ) = 0 . (2.2b)
The funtion R(ρ) redues to hypergeometri one
R(ρ) = sina ρ cosb ρ F (A,B,C; cos2 ρ) , (2.2)
A = (a+ b+ 1−√2ǫ+ 1)/2 , B = (a+ b+ 1 +√2ǫ+ 1)/2 , C = (b+ 1) .
The wave funtion Φ(ρ, φ, z) will be single-valued in S3 (in the part G1) when
M = 0,±1,±2, . . . , N = 0,±1,±2, . . . , a = + | M | , b =| K | . (2.3a)
The wave funtion will be nite if the hypergeometri funtion beomes a polynomial:
A = −n, n = 1, 2, 3, . . . ,




(N2 − 1) , N = a+ b+ 1 + 2n ; (2.3b)
where the number N takes on the values +1,+2,+3, . . .. The energy level are degenerated
as muh as gN = N
2
. For instane, let N = 3 then g3 = 9:
a = 0 b = 2 M = 0 K = ±2
a = 1 b = 1 M = ±1 K = ±1 n = 0
a = 2 b = 0 M = ±2 K = 0
a = 0 b = 0 M = 0 K = 0 n = 1 .




+iMφ e+iKz sin+|M | ρ cos+|K| ρ F (A,B,C; cos2 ρ), (2.4)
are ontinuous in spae S3. The whole spae S3 − G(ρ, φ, z) let be divided into three parts:
G = (G1 ∪G2 ∪G3):
G1 = G(0 < ρ < π/2) , G2 = G(ρ = 0) , G3 = G(ρ = π/2) . (2.5)
For the part G1 whih an be skethed graphially as













here pairs (A,A′), (B,B′) and so on, and also (1, 1′, 1′′, 1′′′) represent respetively only one
point in S3. It is evident that integer values forM and K will lead us to have the same values
of ΦǫMK in all identied points on the plane (φ, z). So the wave funtions are ontinuous on
the G1-part na = (n0, ni) of S3. The domain G2 representing the losed urve
n0 = cos z , n1 = 0 , n2 = 0 , n3 = sin z , (2.6a)








So that any funtion f(ρ = 0, φ, z) depending on the mute variable φ will be disontinuous
in S3. Evidently, the wave funtion being speied on G2
M 6= 0 =⇒ ΦǫMK = 0 ;
M = 0 =⇒ Φǫ0K = e+iKz F (A,B,C; 1) = Φ(n) . (2.6b)
is ontinuous about the urve G2. Analogously, for the domain G3









K 6= 0 =⇒ ΦǫMK = 0
K = 0 =⇒ ΦǫM0 = e+iMφ F (A,B,C; 0) = Φ(n) . (2.7b)
Now let us onsider the orthogonality ondition for the wave funtion ΦǫMK(ρ, φ, z). To
this end, one should instead of ρ oordinate introdue another variable x = cos 2ρ and take
into aont dening relations for Yaobi polynomials [17℄
P (a,b)n (x) = N
(a,b)
n F (−n, a+ b+ 1 + n, b+ 1;
1 + x
2




then the funtions ΦǫMK read as










(1− x)a/2 (1 + x)b/2 P (a,b)n . (2.8a)
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So we have relationship ∫
S3

















(1− x)a(1 + x)b P (a,b)n P (a,b)n′ dx . (2.8b)
Taking in mind the orthogonality onditions for Yaobi polynomials [17℄∫ +1
−1
(1− x)a (1 + x)b P (a,b)n P (a,b)n′ dx = δnn′
2a+b+1(n+ a)!(n + b)!
n!(a+ b+ n)!(a + b+ 1 + 2n)
, (2.8c)
from (2.8b) it follows ∫
S3
Φ∗ǫMK Φǫ′M ′K ′ dV = C δǫǫ′ δMM ′ δKK ′ (2.8d)
where C is dened by
C =
| CǫMK |2
| N (a,b)n |2
(n + a)!(n+ b)!
2(a+ b+ 1 + 2n)n!(a+ b+ n)
.






A(a,b)n (1− x)a/2 (1 + x)b/2 P (a,b)n (x) , (2.9)
A(a,b)n = 2
√
n!(a + b+ n)!(a + b+ 1 + 2n)
(n+ a)!(n + b)!2a+b+1
.
It is onvenient to have the following table (restriting ourselves to N = 1, 2, 3, 4):







N = 2 b = 0 b = 1
a = 0
√

































































It should be given speial attention to the following: the system of all {ΨǫMK}
an be divided into two parts depending of N , even or odd. Orthogonality of the
funtions of opposite lasses is ahieved by integration over in (φ, z)-variables.
3. The ase of elliptial spae
Now let us turn to the elliptial ase. It is a Riemmanian spae of onstant positive
urvature as well, though dierent in its topologial struture S3 is 1-onneted whereas S˜3
is 2-onneted. These spae models have simple realizations as parametri manifolds of the
unitary and orthogonal groups, SU(2) and S0(3):
B = σ0 n0 − i σk nk , det B = +1 , (3.1a)
0(~c) = I + 2
~c × + (~c ×)2
1 + ~c 2
, (~c ×)kl = − ǫklj cj . (3.1b)
The matrix O(~c ) represents a point in ellipti spae. To every pair of dierent vetor of
innite length ~c ±∞ = ± ∞ ~c0 , ~c 20 = 1 orresponds one the same matrix, point in elliptial
spae
0(~c ± ∞) = I + 2 (~c ×0 )
2 . (3.1c)
The mapping 2 =⇒ 1 from SU(2) to S0(3) {+na, −na} =⇒ ci = ni/n0 will be used to
establish a domain G˜ of ylindrial oordinates of elliptial model on the base of the known
that for spherial one.
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At searhing the wave Shrodinger solutions in elliptial spae one does not need to repeat
all the alulation, instead it is suient to separate ontinuous solutions in spae S˜3 among




cosφ , c2 =
tan ρ
cos z
sinφ , c3 = tan z (3.2a)
where the oordinates (ρ, φ, z) hange in the limits:
G˜(+1) = { ρ ∈ [0, π/2] , φ ∈ [−π, +π] , z ∈ [−π/2,+π/2] } . (3.2b)
From the very beginning, one point should be emphasized: the domain G˜ aording to
(3.2b) is the most simple and evident variant, though not unique several other might be used
as well. For instane, the following G˜′ is appropriate:
G˜+1) = { ρ ∈ [0, π/2] , φ ∈ [−π, +π] , z ∈ [−π,−π/2]⊕ [+π/2,+π] } . (3.2c)
Transition from elliptial urved model to a at spae model looks dierently for ases
G˜(δ=±1):
(δ = +1)
ρ→ 0, z → ±0 : c1 = ρ cosφ , c2 = ρ sinφ , c3 = z ;
(δ = −1)
ρ→ 0 , z > 0 , z = π − Z → π : −c1 = ρ cosφ , −c2 = ρ sinφ , −c3 = Z > 0 ;
ρ→ 0 , z < 0 , z = −π − Z → π : −c1 = ρ cosφ , −c2 = ρ sin φ , −c3 = Z < 0 .
The variant with δ = +1 is simpler and it will be used below3. One should nd identiation
rules adjusted with topologial struture of the group SO(3.R). Again, the domain G˜ is to
be divided into three parts:
G˜1 = G˜(ρ 6= 0, π/2) , G˜2 = G˜(ρ = 0) , G˜3 = G˜(ρ = π/2) .
First, let us onsider the domain G˜1. The topologial struture of the group SO(3.R)














































2′ A′ 1 −π/2B′ 2′′
1′ B 2 +π/2A 1′′
C C ′
D D′
here (A,A′) , (B,B′) and so on, also (1, 1′, 1′′) and (2, 2′, 2′′) represent one the same respetive
points in S˜3. Let us give some details.
3
However, these alternative variants should be taken in mind; in the following they will help to understand
some peuliarity of tetrad formalism in elliptial spae.
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Consider the viinity of the point 1′ ; one an approah it by dierent diretions












The α-diretion is desribed by the equation
φ = (−π + π
2
tanα) + z tan(π − α) . (3.3a)
Near to 1′ one has z = (π/2− δ) , δ is a very small positive number, then eq. (3.3a) reads
φ = −π + δ tanα , cosφ = − cos(δ tanα) , sinφ = − sin(δ tanα) ;
and therefore cj in viinity of 1′ looks
c1 = tan ρ
− cos(δ tanα)
sin δ







The limit of the above when δ → 0 ( 0 ≤ α < π/2) is one the same without any dependene
of α:
1′ : ~c =∞ (− tan ρ , 0 , 1) . (3.3c)
Take notie that α 6= π/2;. Analogously< for the viinity of the point 1′′ one has
1′′ : ~c =∞ (− tan ρ , 0 , 1) . (3.4)
And nally, for the point 1:
φ = −π
2
tan g + z tan(π − α) ,














here z = (−π/2 + δ) è φ = −δ tanα, and
c1 = tan ρ
+cos(δ tanα)
sin δ







When δ hanges to zero, one has
1 : ~c = − ∞ (− tan ρ , 0 , 1) . (3.5)
Therefore, the (1, 1′, 1′′) indeed represent one the same point in elliptial spae. In the same
manner, three points (2, 2′, 2′′) orrespond to
2 : ~c = +∞ (tan ρ , 0 , 1) ,
11
2′ : ~c = +∞ (tan ρ , 0 , 1) ,
2′′ : ~c = − ∞ (tan ρ , 0 , 1) . (3.6)
For instane. let us detail four other points:
A : ~c = +∞ (0 , tan ρ , 1) , A′ : ~c = (0 , tan ρ , 1) ,
B : ~c = +∞ (0 , − tan ρ , 1) , B′ : ~c = − ∞ (0 , − tan ρ , 1) . (3.7)
Identiation on the boundaries (1′CD2′) and (1′′C ′D′2′′) is shown in the Fig 4; here only
nite vetor ~c are presented. Consideration of the boundary of G˜1 is nished. Transition from
SU(2) to SO(3.R) group spaes an be haraterized by the sheme



































Now we an examine two remaining domains. In the G˜2 for right point P we have
G˜2 (φ − ëþáîå) ,
ρ = π/2 tanα + z tanα =⇒ z = −π/2 + δ , ρ = δ tanα,





















, c3 = −cos δ
sin δ
,
in the limit δ → 0 (α 6= 0) it follows
G˜2 : P , ~c = +∞ (0 , 0 , −1) ; (3.8a)
In the same manner, for the left point P ′ àwe have
G2 : P
′ , ~c = − ∞ (0 , 0 , −1) . (3.8b)
So, all the domain G˜2 determines the point of elliptial spae in aordane with the formula
G2 : ~c = − ∞ (0 , 0 , tan z) (3.8c)
12













Near the point B we have




tanα) =⇒ z = (−π
2
+ δ) , ρ = (
π
2












, c3 = −cos δ
sin δ
.
From where, in the limit δ → 0, α 6= π/2 , it follows
B : ~c =∞ (cosφ, sin φ, 0) . (3.9a)
In the same manner, for the point B′ we have
B′ : ~c =∞ (cosφ, sin φ, +0) . (3.9b)
All the domain G˜3 parameterizes the point in S˜3 in aordane with the relation
B′ : ~c =
∞
cosz
(cos φ, sinφ, +
sin z
∞ ) ∼ ∞ (cosφ, sin φ, 0) , (3.9c)
and z is a mute variable.
Now we are ready to establish whih of the wave funtions ΦǫMK founded in 2 are
ontinuous in elliptial spae and whih are not. From the equation (see Fig 4)
f(1) = f(1′) = f(1′′)
one an redue
e−iK(π/2) = e−iMπ e+iK(π/2) = e+iMπ e+iK(π/2) ,
from where it follows
ei2Mπ = 1 , ei(K−M)π = 1 , ei(K+M)π = 1 ;
that is (K −M) and (K +M) must be integer and even. Analogous relations for the points
(2, 2′, 2′′) results in the same.
Therefore, the funtions φǫMK(ρ, φ, z) founded in 2 will be single-valued and
ontinuous in the G˜1 if M and K are both even or both odd. Correspondingly,
the main quantum number N takes on the values N = 1, 3, 5, . . .
13
In the domain G˜2 the funtion ΦǫKM(ρ, φ, z) given by
G2 : φǫMK =
{
0, M 6= 0;
eiKz F (A,B,C; 1) , M = 0
, (3.10)




0 , K 6= 0 ,
eiMz F (A,B,C; 0) , K = 0 .
(3.11)
Thus, the funtions ΦǫMK(ρ, φ, z) , N = 1, 3, 5, . . . provide us with the system of








Φ∗ǫMK Φǫ′M ′K ′ dV = δMM ′ δKK ′ δNN ′ , N = 1, 3, 5, ... (3.12)
At the same time, the remaining funtions
ΦǫMK(ρ, φ, z) , N = 2, 4, . . . (3.13)
are disontinuous in elliptial spae S0(3.R) and they do not onsist of a basis in the spae of
ontinuous funtion on the SO(3) though obey the same orthogonality onditions as (3.12).
4. Eiler variables as oordinates on the group SU(2).
















d jmσ(β) = D
j
mσ(α, β, γ) ; (4.1a)
where
N = (2j + 1), ǫN =
1
2
(N2 − 1) = 2j(j + 1) ,
m = −1
2
(M +K) , σ = −1
2
(M −K) , (4.1b)
and oordinates (ρ, φ, z) are onneted with Eiler variables (α, β, γ) as follows:
α = φ+ z , β = 2ρ , γ = φ− z . (4.1c)
This transition an be traed also in dierential equations
[ sin−1 ρ cos−1 ρ ∂ρ sin ρ cos ρ ∂ρ + sin−2 ρ ∂2φ + cos
−2 ρ ∂2z + 2ǫ ] Φ = 0 ,
−i∂φ Φ = M Φ , −i∂z Φ = K Φ (4.2a)
whih in (α, β, γ) variables beome
[ − sin−1 β ∂β sin β ∂β + sin−2 β (−∂2α + 2 cos β ∂α ∂γ − ∂2γ) ] Φ = (ǫ/2) Φ ,
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i∂α Φ = −1
2
(M +K) Φ , i∂γ Φ = −1
2
(M −K) Φ . (4.2b)
and oinide with determining relations for D-funtions: ΦǫMK(ρ, φ, z) = D
j
mσ(α, β, γ) .
All speis of the Eiler angles as parameters on the unitary group an be found with





[ dβ2 + dα2 − 2 cos β dα dγ + dγ2 ] . (4.2c)
Again, the whole domain G(α, β, γ) should be divided into three parts G = (G1 ∪G2 ∪G3) :
G1 = G(β 6= 0, π) , G2 = G(β = 0) , G3 = G(β = π) . (4.3)
The domain G1(α, β) is haraterized by the sheme























































from where it follows that (α, β) and (α′, β ′) represent the same point in the urve if (α−γ) =
(α′ − β ′). In aordane with this the domain G2(α, γ) is haraterized by the sheme





































here the full segment (α, β)z given by equation α = γ + 2z orresponds to the single point
n = (cos z, 0, 0, sin z). Wigner funtions in the G2(α, γ)
Djmσ(α, 0, γ) =


0, (m+ σ) 6= 0 ,
F (A,B,C; 1) , m = 0 , σ = 0 ,
eim(α−γ) F (A,B,C; 1) , (m+ σ) = 0
(4.4b)
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are ontinuous in the urve. Consideration of the domain G3 will is the same:
n0 = 0 , n1 = cos
α + γ
2
, n2 = sin
α + γ
2
, n3 = 0 ; (4.5a)








































Djmσ(α, π, γ) =


0 , (m− σ) 6= 0 ,
F (A,B,C; 0) , m = 0 , σ = 0 ,
e−im(α+γ) F (A,B,C; 0) , (m− σ) = 0 ;
(4.5b)
depending on the argument (α+ β) are ontinuous in the urve.
Now let us reformulate the orthogonality onditions (2.8):∫
S3
Φ∗ǫMK Φǫ′M ′K ′dV = δǫǫ′ δMM ′ δKK ′ , dV = sin ρ cos ρ dρdφdz ,






whih after transition to Eiler variable swill looks as follows:∫
SU(2)
Dj∗mσ(α, β, γ) D
j′




sin βdαdβdγ ; 0 ≤ β ≤ π ,
























Indeed, taking the following order in integrating∫
G(α,γ)













dα F (α, γ) . (4.6)





dα dγ [ ei(m−m
′)α ei(σ−σ
′)γ ] = δmm′ δσσ′ , (4.7)
One an easily see that the same symbol (δmm′ δσσ′) might be ahieved in integrating
over two other domains, ∆(α, γ) or ∆′(α, γ) determined in Fig 15 and Fig 16 below.















This fat is not oasional. Indeed, now we will show that a more general statement is
true: if Φ(α, β, γ) = Φ(n) is any single-valued and ontinuous funtion on the sphere S3,





dω Φ(n) . (4.8)
Indeed, any that funtion Φ(n), being expressed in oordinates (ρ, φ, z), gives a funtion
2π-periodial in φ è z:
Φ(ρ, φ′, z′) = φ(ρ, φ′′, z′′) ⇐⇒ (φ′′ − φ′) = 2πν , (z′ − z′′) = 2πµ . (4.9a)
After translating to variables (α, γ) one has
1
2
(α− γ) = φ , 1
2
(α + γ) = z ,
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Therefore, any funtion on S3, single-valued and ontinuous, must obey the following periodiity-
ondition:
F (ρ, α′, γ′) = F (ρ, α′′, γ′′) ,
(α′′ − α′) = 2π(ν + µ) , (γ′′ − γ′) = 2π(ν − µ) . (4.9b)

























It is easily seen that the parts A,B,C,D and A′, B′, C ′, D′ an be moved to eah other by
respetive shifts:
A =⇒ A′(α′ = α− 2π, γ′ = γ + 2π) ,
B =⇒ B′ (α′ = α− 2π, γ′ = γ − 2π) ,
C =⇒ C ′ (α′ = α + 2π, γ′ = γ + 2π) ,
D =⇒ D′ (α′ = α + 2π, γ′ = γ − 2π) .
From where, taking in mind
G = [G0 + (A+B + C +D)] , ∆ = [G+ (A
′ +B′ + C ′ +D′)]
and the above 2π-periodiity of F (ρ, α, γ) in variables α and γ, one arrives at (4.8). Consideration
of the domain ∆′ is the same.
Thus, to over the group SU(2), instead of [R(ρ)⊗G(α, γ)], one may use other variants,
[R(ρ) ⊗ ∆(α, γ)] or [R(ρ) ⊗ ∆′(α, γ)]. However, one should remember on hanging the
identiation rule for the boundary points. For instane, traing the all idential points
in the replaement G → ∆ we get a new sheme:





























It formally oinides with that for the ylindrial variables (φ, z) in the ase of orthogonal
group SO(3.R) group.
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5. Eiler angles, oordinates on the group S0(3.R).
Transition to the Eiler variables in the theory of orthogonal group an be done as before.
Below let us written down only the main graphial shemes.
Instead of Fig. 9 there is



























Instead of Fig 11 there is













































Instead of Fig 12 there is





































Instead of Fig 17































Instead of Fig 18 there is







PART II. DIRAC EQUATION ON THE SPHERE S3
6. Dira equation in ylindrial oordinates, separating the variables
Let us turn to the Dira equation in ylindrial oordinates and tetrad on the sphere S3:
n1 = sin ρ cos φ , n2 = sin ρ sinφ ,
n3 = cos ρ sin z , n4 = cos ρ cos z ;
dl2(y) = dρ2 + sin2 ρ dφ2 + cos2 ρ dz2 ,
eα(a)(y) =
∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 sin−1 ρ 0
0 0 0 cos−1 ρ
∣∣∣∣∣∣∣∣
; (6.1)
where (ρ, φ, z) hange in the domain
G = {ρ ∈ [0, +π/2] , φ ∈ [−π, +π] , z ∈ [−π, +π] } .
As in salar ase, here it is onvenient to divide G(ρ, φ, z) into three parts: G1(ρ 6=
0, π/2) , G2(ρ = 0) , G3(ρ = π/2) . The Dira equation in orthogonal oordinates
and tetrad an be written in the form










√−g eα(a))) − M ] Ψ(x) = 0 . (6.2a)






















Ψ = 0 . (6.2b)
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Let us onstrut solutions, the eigenfuntions of i∂t, i∂φ, i∂z:








With the use of expliit form of the Dira matries in the spinor basis from (6.2b) it follows
equations for fi:









f3 + iM f1 = 0 ,











f4 + iM f2 = 0 ,











f1 + iM f3 = 0 ,









f2 + iM f4 = 0 .
(6.4)
To simplify the system (6.4) one other operator should be diagonalized. In at spae, as
that an be taken the heliity operator
(~Σ ~P ) Ψcart = λ Ψcart , ~P = −i~∇ .
Beause the artesian and ylindrial bases are related by spinor gauge transformation over
fermion wave funtions:
Ψcyl = S Ψcart , S =
∣∣∣∣ B 00 B
∣∣∣∣ , B =
∣∣∣∣ e+iφ/2 00 e−iφ/2
∣∣∣∣ , (6.5a)
for the heliity operator in ylindrial representation
B ~Σ ~P B−1 =
∣∣∣∣ P3 e+iφ/2 (P1 − iP2) e−iφ/2e+iφ/2 (P1 + iP2) e−iφ/2 −P3
∣∣∣∣ ,

















one produes the expression















Now, taking in mind eq. (6.6) and the Dira equation (6.2b) in spae S3, one may guess the
form of a generalized heliity operator Λ in the urved spae:






























































f4 = λ f4 . (6.8)
Considering eqs. (6.8) and (6.4) together, one produes a linear algebrai system
−iǫ f3 − iλ f3 + iM f1 = 0 ,
−iǫ f4 − iλ f4 + iM f2 = 0 ,
−iǫ f1 + iλ f1 + iM f3 = 0 ,
−iǫ f2 + iλ f2 + iM f4 = 0 . (6.9a)
From (6.9a) it follows
λ = ±
√
ǫ2 −M2 , f3 = ǫ− λ
M






















) f2 − i (λ− k
cos ρ









) f1 − i (λ+ k
cos ρ
) f2 = 0 . (6.10)
By means of separating a speial fator
f1(ρ) =
1√
cos ρ sin ρ
ϕ1(ρ) , f2(ρ) =
1√
cos ρ sin ρ
ϕ2(ρ) ,







) ϕ2 − i (λ− k
cos ρ






) ϕ1 − i (λ+ k
cos ρ
) ϕ2 = 0 . (6.11)
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7. Some additional transforming
Summing and subtrating equations in (6.11), one gets
d
dρ
(ϕ1 + ϕ2)− m
sin ρ
(ϕ1 − ϕ2) − i λ (ϕ1 + ϕ2) + k
cos ρ
(ϕ1 − ϕ2) = 0 ,
d
dρ
(ϕ1 − ϕ2)− m
sin ρ
(ϕ1 + ϕ2) + i λ (ϕ1 − ϕ2) − k
cos ρ
(ϕ1 + ϕ2) = 0 . (7.1)






F1 − i sin ρ
2






(ϕ1 + ϕ2) = e
−iρ/2(F1 + F2) , (ϕ1 − ϕ2) = e+iρ/2(F1 − F2) . (7.2b)







e+iρ(F1−F2) − i λ (F1+F2) + ik
cos ρ







e−iρ(F1+F2) + i λ (F1−F2) − ik
cos ρ
e−iρ (F1+F2) = 0 .




− m cos ρ
sin ρ
− k sin ρ
cos ρ
) F1 = i (λ+
1
2










) F2 = i (λ+
1
2
+m− k) F1 . (7.3)
From (7.3), for F1(ρ) an be produed the seond order equations: (take notie of the






















)2] F2(ρ) = 0 . (7.4b)
One an again turn to the old funtions
F1(ρ) =
√
sin ρ cos ρ G1(ρ) ,
F2(ρ) =
√
sin ρ cos ρ G2(ρ) , (7.5)





























































G2 = 0 .
(7.6b)








































G2 = 0 . (7.7b)









− k sin ρ
cos ρ
) G1 = i (λ+
1
2













) G2 = i (λ+
1
2
+m− k) G1 . (7.8b)




G1 − i sin ρ
2
























1 + cos ρ G1 − i
√
1− cos ρ G2
−i √1− cos ρ G1 +
√
1 + cos ρ G2
∣∣∣∣∣ . (7.11)
When ρ approahes the values 0 and π/2 the wave funtion ψ reads respetively







ρ→ π/2 Ψǫ,m,k,λ → eimφ eikz
∣∣∣∣∣
G1(π/2)− i G2(π/2)
−i G1(π/2) + G2(π/2)
∣∣∣∣∣ . (7.12b)
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8. Fermion in a urved spae, tetrad gauge symmetry and formulation
of ontinuity riterion for Dira wave funtions in spherial spae S3
The requirement of ontinuity for a fermion wave funtion in any Riemannian
spae-time is muh more ompliated than in the at spae-time by Minkowski.
The matter is that the form of generally ovariant Dira equation [...℄ itself
involves the tetrad formalism. In other words, one may use any form of the Dira
equation in spae-time with a given metrial tensor gαβ(x) from many dierent
ones depending on a hosen tetrad, all suh tetrad-based fermion wave funtions
Ψtetrad(x) are related to eah other by loal gauge transformations from the group
SL(2.C):
Ψtetrad′(x) = S(x) Ψtetrad(x), S(x) ∈ SL(2.c) .
As a rule, these (4×4) gauge matries S(x) are themselves singular. So the expliit
embodiment of the general ontinuity riterion for fermion wave funtions depend
on the oasional hoie of the tetrad.
For more larity, one may turn to the familiar ase of at spae. It is taitely aepted that
in ordinary representation of the Dira equation all fermion wave funtion must be single-
valued and ontinuous. However, if one wishes to employ any other tetrad
5
, for instane let
it be the ylindrial tetrad (see (6.5a))
In the spae E3
Ψcyl = S Ψcart , S =
∣∣∣∣ B 00 B
∣∣∣∣ , B =
∣∣∣∣ e+iφ/2 00 e−iφ/2
∣∣∣∣ , (8.1a)
beause of the singular behavior of the gauge matrix B(φ) at the axis z the wave funtion


















From (8.1b) one may see that to the single-valued funtions in Cartesian basin orrespond
the non-single-valued ones in the ylindrial basis. In eq. (8.1b) the quantum numberm must
be half-integer, one should note the gauge invariant harater of the proper value problem:
cart : Jˆ3 = lˆ3 + Sˆ3 ; Jˆ3 ΨCart = m Ψart ,
cyl : lˆ3 Ψcyl = m Ψcyl . (8.2)
In the urved spae S3 all the situation is prinipally the same though more ompliated.
There exists an analog of the Cartesian basis, here its role plays a onformally-at basis






























1 0 0 0
0 1/f 0 0
0 0 1/f 0
0 0 0 1/f
∣∣∣∣∣∣∣∣
. (8.3a)
Spinor gauge transformation relating onformally-at and ylindrial tetrads is given by
(details see in Supplement A)
Ψcyl = S Ψcart , S =
∣∣∣∣ B 00 B
∣∣∣∣ , (8.3b)
B = σ
∣∣∣∣ A e+iφ/2 C e−iφ/2−C e+iφ/2 A e−iφ/2
∣∣∣∣ , σ ± 1 ,
A =
√
(1 + cos ρ)












One an alulate an expliit form of lˆ3 in onformally-at basis
lˆ3 = −i∂φ =⇒ B−1 lˆ3 B = −iB−1∂φB =
= −i∂φ + 1
2
∣∣∣∣ A e−iφ/2 −C e−iφ/2C e+iφ/2 A e+iφ/2
∣∣∣∣
∣∣∣∣ +A e+iφ/2 −C e−iφ/2−C e+iφ/2 −A e−iφ/2
∣∣∣∣ =
= −i∂φ + 1
2
∣∣∣∣ A2 + C2 00 −A2 − C2
∣∣∣∣ = −i∂φ + 12
∣∣∣∣ 1 00 −1
∣∣∣∣ = −i∂φ + 12 σ3 ,
so
cyl =⇒ cart : B−1lˆ3 B = −i∂φ + 1
2
σ3 = Jˆ3 . (8.4)
Now let us alulate the form of the wave funtion in onformally-at basis:
ψcart = B
−1ψcyl = eimφ eikz










1 + cos ρ


























1 + cos ρ






















and expression for f1, f2 in terms of G1, G2), it follows
ψ1 =
ei(m−1/2)φ ei(k+1/2)z√
1 + cos ρ cos z
[






1 + cos ρ cos z
[




From eqs. (8.5ñ) one an onlude:
only when m and k are half-integer, the onstituents ψ1 and ψ2 of the fermion
wave funtion in onformally-at basis may be single-valued and ontinuous in
the spherial spae S3.
It may be of interest the form of Nˆ cyl3 = −i∂z after transforming to a onformally-at
basis, Nˆ cart3 = −iB−1∂zB:
Nˆ cart3 = −i∂z − i
∣∣∣∣∣ 0 +e
−iφ(A∂zC − C∂zA)
−eiφ(A∂zC − C∂zA) 0
∣∣∣∣∣ ; (8.6a)
from where taking into aount
A∂zC − C∂zA = sin ρ
2(1 + cos ρ cos z)2
,
we get
Nˆ cart3 = −i∂z +
i sin ρ





With the use of relations
x1 =
sin ρ cos φ
1 + cos ρ cos z
, x2 =
sin ρ sinφ
1 + cos ρ cos z
, x3 =
cos ρ sin φ
1 + cos ρ cos z
, f =
1
1 + cos ρ cos z
,
Nˆ cart3 from (8.6b) will look as




∣∣∣∣ 0 −(x1 − ix2)(x1 + ix2) 0
∣∣∣∣ . (8.6c)
9. Analysis of the speial ases λ = ±1/2 and λ = ±3/2
The above relation between dierential equations of rst order (7.8) and equations of




−m+ k 6= 0, λ+ 1
2





−m+ k = 0, λ+ 1
2
+m− k = 0 ,
whih is possible when
λ = −1/2, m = k , (9.1b)
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− m sin ρ
cos ρ













) G2 = 0 . (9.2b)






























these an be readily integrated:
lnG1 = lnC1 +m ln(tan ρ)− 1
2
ln(sin 2ρ) ,
lnG2 = lnC2 −m ln(tan ρ)− 1
2
ln(sin 2ρ) .
Thus, the following lass of solutions is found:
λ = −1/2, k = +m , G1(ρ) = C1 tan
m ρ√
sin 2ρ




Take notie that the onstruted wave funtions (9.3) are singular in the
points ρ = 0, π/2. This makes neessary some additional analysis beause one
must exlude all solutions not-nite or disontinuous in the spae S3.
For instane, let us onsider the solution








It may be viewed as physial only if its singularities will be eliminated by means of the





1 + cos ρ cos z
[
(1 + cos ρ e−iz)
C1
cos ρ








1 + cos ρ cos z
[
(1 + cos ρ e+iz)
C2
sin ρ











1 + cos z







1 + cos z
[ (1 + e+iz)
C2
0
− 0 i e+iz C1 ] . (9.4c)
The solution must be onsidered on the losed urve n3 = sin z, n4 = cos z, so to be
ontinuous in íà S3 it may depend only on the z, or it must be a onstant. From this it












[ C2 − i e+iz C1
0
] . (9.4d)
Here, the solution must be onsidered on the losed urve n1 = cos φ, n2 = sinφ, so to be
ontinuous in íà S3 it may depend only on the φ or it must be a onstant. From this it
follows C1 = 0. Thus, the solution (9.4a)-(9.4b) is a good in the sense of ontinuity only in
trivial ase C1 = 0, C2 = 0. Therefore, this solution must be exluded.
In the same manner one an treat another (symmetrial) ase:













1 + cos ρ cos z
[
(1 + cos ρ e−iz)
C1
sin ρ








1 + cos ρ cos z
[
(1 + cos ρ e+iz)
C2
cos ρ











1 + cos z
[ (1 + e−iz)
C1
0






1 + cos z
[ (1 + e+iz) C2 − ie+iz C1 ] . (9.5c)















− i e+iz C1 ] . (9.5d)
Evidently, this solution must be exluded by ontinuity reason.
All the remaining solutions of the type (9.3)

























are not nite in all tetrad bases and they must be exluded.
There are two other lasses of simplest solutions whih should be onsidered here as well:
they. Indeed, let it be
G1(ρ) = C1 = const, m = +1/2 , k = −1/2 . (9.6a)





















) G2(ρ) = i (λ+ 3/2) C1 ,
or







) G2(ρ) = i (λ+ 3/2) C1 , (9.6b)
there an be separated three possibilities:
(1) λ 6= 1/2,−3/2 : C1(ρ) = 0, G2(ρ) = 0 ,
(2) λ = −3/2 : G1(ρ) = C1, G2(ρ) = 0 , (9.6c)






) G2(ρ) = 2i C1 .





















= 2iC1 sin 2ρ, H = C2 − iC1 cos 2ρ ,
that is
G2(ρ) =
C2 − iC1 cos 2ρ
sin 2ρ
.
Thus, two solutiona onstaruted:
(2) : λ = −3/2 , m = +1/2 , k = −1/2 ,
G1(ρ) = C1, G2(ρ) = 0 ;
Ψ1 =
1√
1 + cos ρ cos z
(1 + cos ρ e−iz) C1 ,
Ψ2 =
e+iφe−iz√
1 + cos ρ cos z
( −i sin ρ e+iz C1 ) ; (9.7)
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ρ = 0 : Ψ1 =
C1(1 + e
−iz)√
1 + cos z
, Ψ2 = 0 .
ρ = π/2 : Ψ1 = C1 , Ψ2 = −iC1e+iφ .
it is nite and ontinuous in S3
(3) : λ = +1/2 , m = +1/2 , k = −1/2 ,
G1(ρ) = C1 , G2(ρ) =
C2 − iC1 cos 2ρ




1 + cos ρ cos z
[
(1 + cos ρ e−iz) C1 − i sin ρ e−iz C2 − iC1 cos 2ρ





1 + cos ρ cos z
[
(1 + cos ρ e+iz)
C2 − iC1 cos 2ρ
2 sin ρ cos ρ




ρ = 0 : Ψ1 =
1√
1 + cos z
[ (1 + e−iz) C1 − i e−iz C2 − iC1
2
] ,
ρ = 0 : Ψ2 =
eiφe−iz√





ρ = π/2 : Ψ1 = C1 − ie−iz C2 + iC1
0
,




− i e+iz C1 ] . (9.8c)
it must be rejeted. by ontinuity reason. There exists another symmetrial variant:
G2(ρ) = C2 = const, m = −1/2 , k = +1/2 , (9.9a)
then (7.8) takes the form







) G1(ρ) = i (λ+ 3/2) C2 , (9.9b)
Depending on three possibilities
(1) λ 6= +1/2,−3/2 : C1(ρ) = 0, G2(ρ) = 0 ,
(2) λ = −3/2 : G1(ρ) = 0, G2(ρ) = C2 , (9.9c)






) G1(ρ) = 2i C2 .
we an obtain not trivial solutions. When λ = +1/2
(3) G1(ρ) =
C1 − iC2 cos 2ρ
sin 2ρ
.
Thus, two solutions are onstruted:
(2) λ = −3/2, m = −1/2 , k = +1/2 ,
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G1(ρ) = 0, G2(ρ) = C2 ; (9.10a)
(3) λ = +1/2 , m = −1/2 , k = +1/2 ,
λ = +1/2 : G2(ρ) = C2 , G1(ρ) =
C1 − iC2 cos 2ρ
sin 2ρ
. (9.10b)
Only the solution (2) turns to be nite and ontinuous in S3. Its artesian form and
behavior in speial points is given below:
(2) λ = −3/2 , m = −1/2 , k = +1/2 ,
ψ1 =
e−iφeiz√
1 + cos ρ cos z
(−i sin ρ e−iz C2 ) ,
ψ2 =
1√
1 + cos ρ cos z
(1 + cos ρ e+iz) C2 . (9.11)
ρ = 0 : ψ1 = 0 , ψ2 =
C2(1 + e
+iz)√
1 + cos z
,
ρ = π/2 : ψ1 = −iC2e−iφ , ψ2 = C2 .
It is a good funtion in the sense of ontinuity.
The general onlusion may be done: no solutions with λ = ±1/2, ontinuous
in S3, exist. The Dira wave funtions with λ = ±3/2 are onstruted  see (9.7)
and (9.11).
10. Quantization of the Dira energy levels




− m cos ρ
sin ρ
− k sin ρ
cos ρ
) F1 = i (λ+
1
2










) F2 = i (λ+
1
2
+m− k) F1 , (10.1b)






















)2] F2(ρ) = 0 . (10.2b)
The values of energy an be established if all the funtion involved are
polynomials and the quantum number m and n are taken to be half-integer.
The radial funtions F1, F2 are taken in the form (alulation an be done for one funtion
only)
F1 = sin
A1 ρ cosB1 ρ R1(ρ) , F2 = sin
A2 ρ cosB2 ρ R2(ρ) . (10.3)
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+ B1(B1 − 1) sin
2 ρ
cos2 ρ
− k(k + 1)
cos2 ρ




R1(ρ) = 0 .
Let A1, B1 obey the relations:
A1(A1 − 1) = m(m− 1) =⇒ A1 = m,−m+ 1 = ±(−m + 1/2) + 1/2 ,
B1(B1 − 1) = k(k + 1) =⇒ B1 = −k, k + 1 = ±(k + 1/2) + 1/2 . (10.5)
Then eq. (10.4) will be muh simpler
d2
dρ2
R1 + 2 (A1
cos ρ
sin ρ





R1 + [ (λ+
1
2
)2 − (A1 +B1)2 ] R1 = 0 . (10.6)
In the same way, for R2 we have
A2(A2 − 1) = m(m+ 1) =⇒ A2 = −m,m+ 1 = ±(m+ 1/2) + 1/2 ,
B2(B2 − 1) = k(k − 1) =⇒ B2 = k,−k + 1 = ±(−k + 1/2) + 1/2 . (10.7)




R1 + [ B1 +
1
2






[ (λ+ 1/2)2 − (A1 +B1)2 ] R1 = 0 ,
that an be ompared with the hypergeometri ase
R1 = C1 F (α1, β1, γ1; y) , γ1 = B1 + 1/2
A1 +B1 + 1 = α1 + β1 + 1,
(λ+ 1/2)2 − (A1 +B1)2
4
= −α1β1 ; (10.8b)
with α1, β1 taken as
α1 =
A1 +B1 + (λ+ 1/2)
2
, β1 =
A1 +B1 − (λ+ 1/2)
2
. (10.8b)
Analogously, in the ase of R2:
R2 = C2 F (α2, β2, γ2; y) , γ2 = B2 + 1/2 ,
α2 =
A2 +B2 + (λ+ 1/2)
2
, β2 =
A2 +B2 − (λ+ 1/2)
2
. (10.9)
Taking in mind (10.5) and (10.7), instead of A1, B1, A2, B2 one an introdue
A1 = a1 +
1
2
, B1 = b1 +
1
2
, A2 = a2 +
1
2






G1(ρ) = C1 sin
a1 ρ cosb1 ρ F (α1, β1, γ1; cos
2 ρ) ,
G2(ρ) = C2 sin
a2 ρ cosb2 ρ F (α2, β2, γ2; cos
2 ρ) , (10.11a)
a1 =| m− 1/2 | , b1 =| k + 1/2 | ,
a2 =| m+ 1/2 | , b2 =| k − 1/2 | ,
ai, bi ∈ { 0,+1,+2,+3, ... } .
Parameters in hypergeometri funtions (10.11a) are dened by
λ = ±
√
ǫ2 −M2 , (10.11b)
α1 =
a1 + b1 + 1 + (λ+ 1/2)
2
, β1 =
a1 + b1 + 1− (λ+ 1/2)
2
, γ1 = b1 + 1 ,
α2 =
a2 + b2 + 1 + (λ+ 1/2)
2
, β2 =
a2 + b2 + 1− (λ+ 1/2)
2
, γ2 = b2 + 1 .
Depending on the sign of λ the hypergeometri series are the polynomials aording to:
λ > 0 , β1 =
a1 + b1 + 1− (λ+ 1/2)
2
= −n1 , β2 = a2 + b2 + 1− (λ+ 1/2)
2
= −n2 ,
λ < 0 , α1 =
a1 + b1 + 1 + (λ+ 1/2)
2




Evidently, in view of existene of rst order dierential relation between F1
and F2 one an examine only one seond order equation, wether for F1 or for F2.
From the seond order equation for G1(ρ) it follows the quantization rule:
λ = +3/2,+5/2,+7/2, ... ,
β1 =
a1 + b1 + 1− (λ+ 1/2)
2
= −n1 , (10.13a)
λ = +(a1 + b1 + 1/2 + 2n1) , ǫ
2 = M2 + λ2 ,
G1(ρ) = C1 sin
a1 ρ cosb1 ρ F (a1 + b1 + 1 + n1,−n1, b1 + 1; cos2 ρ)
λ = −3/2,−5/2,−7/2, ... ,
α1 =
a1 + b1 + 1 + (λ+ 1/2)
2
= −n1 , (10.13b)
λ = −(a1 + b1 + 3/2 + 2n1) , ǫ2 = M2 + λ2 ,
G1(ρ) = C1 sin
a1 ρ cosb1 ρ F (−n1, a1 + b1 + 1 + n1, b1 + 1; cos2 ρ)
All the energy levels are degenerated in λ,m, k:
Ψǫ = Ψǫ,λ,m,k , ǫ =
√
M2 + λ2 ,
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λ = ±3/2,±5/2,±7/2, ... . (10.14)
Quantization of λ is given by
λ = a1 + b1 + 1/2 + 2n1 or − λ = a1 + b1 + 3/2 + 2n1 . (10.15)
Some rst energy levels may be readily detailed:
λ = +3/2 : 1 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (1, 0), (0, 1) .
λ = −3/2 : 0 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 0) .
λ = +5/2 : 2 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 2), (1, 1), (2, 0) ,
n1 = 1 , (a1, b1) = (0, 0).
λ = −5/2 : 1 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (1, 0), (0, 1) .
λ = +7/2 : 3 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 3), (1, 2), (2, 1), (3, 0) ,
n1 = 1 , (a1, b1) = (0, 1), (1, 0) .
λ = −7/2 : 2 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 2), (1, 1), (2, 0) ,
n1 = 1 , (a1, b1) = (0, 0).
λ = +9/2 : 4 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 4), (1, 3), (3, 1), (4, 0) ,
n1 = 1 , (a1, b1) = (0, 2), (1, 1), (2, 0) ,
n1 = 2 , (a1, b1) = (0, 0) .
λ = −9/2 : 3 = a1 + b1 + 2n1 =⇒
n1 = 0 , (a1, b1) = (0, 3), (1, 2)(2, 1), (3, 0) ,
n2 = 1, (a1, b1) = (0, 1), (1, 0) .
and so on.
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11. The wave funtions onstruted and ontinuity testing
All physial Dira wave solutions must be single-valued and ontinuous in S3. Solutions
with minimal values of energy
ǫ =
√
M2 + (3/2)2 , λ = ±3/2 (11.1a)
are just those (see 9). It remains to onsider solutions with
ǫ =
√
M2 + λ2 , | λ |= 5/2, 7/2, 9/2, ... (11.1b)
Half-integer values for m, k will guarantee ontinuity of the solutions when 0 < ρ < π/2.
Speial ases are two losed urves:
ρ = 0 : n3 = sin z, n4 = cos z , (11.2a)
ρ = π/2 : n1 = cosφ, n2 = sin φ . (11.2b)
In onformally at tetrad the wave funtions must behave themselves in aordane with
the rules
ρ = 0 : Ψcart = {ψ(z) , or onst} , (11.2a)
ρ = π/2 : Ψcart = {ψ(φ) , or onst} . (11.2b)
Two rst omponents of the wave funtions (see (8.5))
ψ1 =
ei(m−1/2)φei(k+1/2)z√
1 + cos ρ cos z
[





1 + cos ρ cos z
[
(1 + cos ρ e+iz) G2(ρ)− i sin ρ e+iz G1(ρ)
]
will take the form
ρ = 0 : ψ1 =
ei(m−1/2)φei(k+1/2)z√
1 + cos z
(1 + e−iz) G1(0) ,
ρ = 0 : ψ2 =
ei(m+1/2)φei(k−1/2)z√
1 + cos z
(1 + e+iz) G2(0) , (11.3)
ρ = π/2 : ψ1 = e
i(m−1/2)φei(k+1/2)z
[
G1(π/2)− i e−iz G2(π/2)
]
,
ρ = π/2 : ψ2 = e
i(m+1/2)φei(k−1/2)z
[
G2(π/2)− i e+iz G1(π/2)
]
where
G1(ρ) = C1 sin
a1 ρ cosb1 ρ F (α1, β1, γ1; cos
2 ρ) ,
G2(ρ) = C2 sin
a2 ρ cosb2 ρ F (α2, β2, γ2; cos
2 ρ) ,
a1 =| m− 1/2 | , b1 =| k + 1/2 | , a2 =| m+ 1/2 | , b2 =| k − 1/2 | . (11.4)
While all four parameters a1, b2, b1, b2 6= 0, beause of the presene of the terms sina1 ρ cosb1
and sina2 ρ cosb2 ρ the funtionsG1(ρ), G2(ρ) will be equal to zero when ρ = 0, π/2, Correspon-
dingly, eqs. (11.3) read
ρ = 0 : ψ1 = 0 , ψ2 = 0 ,
ρ = π/2 : ψ1 = 0 , ψ2 = 0 .
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All the remaining ases
m = +1/2 , k = +1/2 , m = −1/2 , k = −1/2 ,
m = +1/2 , k = −1/2 , m = −1/2 , k = +1/2 , (11.5a)
m = +1/2 , | k |> +1/2, m = −1/2 , | k |> 1/2 ,
| m |> 1/2 , k = −1/2 , | m |> 1/2 , k = +1/2 , (11.5b)
must be onsidered separately. First, let us turn to the four ases in ( 11.5a):
m = +1/2, k = +1/2:
a1 = 0 , b1 = 1 , a2 = 1 , b2 = 0 ,
G1(0) = const , G2(0) = 0,
G1(π/2) = 0 , G2(π/2) = const
ρ = 0 : ψ1 =
eiz(1 + e−iz)√
1 + cos z
const = ψ(z) ,
ρ = 0 : ψ2 =
eiφ(1 + e+iz)√
1 + cos z
0 = 0 . (11.6)
ρ = π/2 : ψ1 = e
iz ( 0− i e−iz const ) = −i const ,
ρ = π/2 : ψ2 = e
iφ ( const− i e+iz 0 ) = const eiφ .
m = −1/2, k = −1/2:
a1 = 1 , b1 = 0 , a2 = 0 , b2 = 1 ,
G1(0) = 0 , G2(0) = const,
G1(π/2) = const , G2(π/2) = 0
ρ = 0 : ψ1 =
e−iφ√
1 + cos z
(1 + e−iz) 0 = 0 ,
ρ = 0 : ψ2 =
e−iz(1 + e+iz)√
1 + cos z
const . (11.7)
ρ = π/2 : ψ1 = e
−iφ ( const− i e−iz 0 ) = const e−iφ ,
ρ = π/2 : ψ2 = e
−iz ( 0− i e+iz const ) = −i const .
m = +1/2, k = −1/2:
a1 = 0 , b1 = 0 , a2 = 1 , b2 = 1 ,
G1(0) = const , G2(0) = 0 ,
G1(π/2) = const , G2(π/2) = 0
ρ = 0 : ψ1 =
(1 + e−iz)√
1 + cos z
const ,
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ρ = 0 : ψ2 =
eiφe−iz(1 + e+iz)√
1 + cos z
0 = 0 . (11.8)
ρ = π/2 : ψ1 = ( const− i e−iz 0 ) = const ,
ρ = π/2 : ψ2 = e
iφe−iz(0− ie+iz const) = −i eiφ .
m = −1/2, k = +1/2:
a1 = 1 , b1 = 1 , a2 = 0 , b2 = 0 ,
G1(0) = 0 , G2(0) = const,
G1(π/2) = 0 , G2(π/2) = const ,
ρ = 0 : ψ1 =
e−iφeiz(1 + e−iz)√
1 + cos z
0 = 0 ,
ρ = 0 : ψ2 =
(1 + e+iz)√
1 + cos z
const . (11.9)
ρ = π/2 : ψ1 = e
−iφeiz(0− ie−izconst ) = −i conste−iφ ,
ρ = π/2 : ψ2 = const− ie+iz0 = const .
Now let us onsider the ases in (11.5b).
m = +1/2 , | k |> +1/2:
a1 = 0 , b1 6= 0 , a2 = 1 , b2 6= 0 ,
G1(0) = const , G2(0) = 0 ,
G1(π/2) = 0 , G2(π/2) = 0 ,
ρ = 0 : ψ1 =
ei(k+1/2)z√
1 + cos z
(1 + e−iz) const = ψ(z) ,
ρ = 0 : ψ2 =
eiφei(k−1/2)z√
1 + cos z
(1 + e+iz) 0 ,
ρ = π/2 : ψ1 = e
i(k+1/2)z
[
0− i e−iz 0 ] = 0 ,
ρ = π/2 : ψ2 = e
iφei(k−1/2)z
[
0− i e+iz 0 ] = 0 . (11.10)
m = −1/2 , | k |> +1/2:
a1 = 1 , b1 6= 0 , a2 = 0 , b2 6= 0 ,
G1(0) = 0 , G2(0) = const ,
G1(π/2) = 0 , G2(π/2) = 0 ,
ρ = 0 : ψ1 =
e−iφei(k+1/2)z√
1 + cos z
(1 + e−iz) 0 = 0 ,
ρ = 0 : ψ2 =
ei(k−1/2)z√
1 + cos z
(1 + e+iz) const = ψ2(z) ,
ρ = π/2 : ψ1 = e
i(k+1/2)z
[
0− i e−iz 0 ] = 0 ,
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ρ = π/2 : ψ2 = e
iφei(k−1/2)z
[
0− i e+iz 0 ] = 0 . (11.11)
| m |> 1/2 , k = +1/2:
a1 6= 0 , b1 = 1 , a2 6= 0 , b2 = 0 ,
G1(0) = 0 , G2(0) = 0 ,
G1(π/2) = 0 , G2(π/2) = const ,
ρ = 0 : ψ1 =
ei(m−1/2)φeiz√
1 + cos z
(1 + e−iz) 0 = 0 ,
ρ = 0 : ψ2 =
ei(m+1/2)φ√
1 + cos z
(1 + e+iz) 0 = 0 ,
ρ = π/2 : ψ1 = e
i(m−1/2)φeiz
[
0− i e−iz const ] = ψ1(φ) ,
ρ = π/2 : ψ2 = e
i(m+1/2)φ
[
const− i e+iz 0 ] = ψ2(φ) . (11.12)
| m |> 1/2 , k = −1/2:
a1 6= 0 , b1 = 0 , a2 6= 0 , b2 = 1 ,
G1(0) = 0 , G2(0) = 0 ,
G1(π/2) = const , G2(π/2) = 0 ,
ρ = 0 : ψ1 =
ei(m−1/2)φ√
1 + cos z
(1 + e−iz) 0 = 0 ,
ρ = 0 : ψ2 =
ei(m+1/2)φe−iz√
1 + cos z
(1 + e+iz) 0 = 0 ,
ρ = π/2 : ψ1 = e
i(m−1/2)φ [ const− i e−iz 0 ] = ψ1(φ) ,
ρ = π/2 : ψ2 = e
i(m+1/2)φe−iz
[
0− i e+iz const ] = ψ2(φ) . (11.13)
Thus, the general onlusion an be done: all the onstruted Dira wave
funtions in ylindrial oordinates Ψǫ,λ,m,k(t, ρ, φ, z) provide us with single-valued
and ontinuous funtions on the sphere S3. For proving these properties an expliit
form of the wave funtion in onformally at tetrad basis has been used.
PART III. THE DIRAC EQUATION IN THE ELLIPTICAL SPACE S˜3
12. Cylindrial oordinates and tetrad in elliptial spae spae,
spinor gauge transformations
Now we are to examine the properties of a fermion partile in elliptial spae model
S˜3. As a rst step, some analogue of the artesian tetrad basis in S˜3 should be dened and
the expliit form of Dira solutions in that basis must be alulated. After that one an
investigate suh wave solution from the point of vied of their ontinuity in the elliptial
manifold S˜3.
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Like in 3 we will employ realizations of spherial and elliptial models as group manifolds
SU(2) and SO(3.R) respetively:
B = n0 − i njσj , n20 + n21 + n22 + n23 = +1 , (12.1)
O(~c) = I + 2
~c × + (~c ×)2







To pair of vetors ~c ± = + ± ∞ ~c0 , ~c 20 = 1 orresponds one the same matrix, point in
S˜3: O(~c
±) = I + 2(~c ×0 )
2 . From formal point of view, elliptial model an be obtained by
identiation of opposite point on 4-sphere. However, suh a simple view may be insuient
in appliations. Below, a more detailed treatment of this relating proedure will be done. In
the following, the oordinates (c1, c2, c3) will be onsidered as Cartesian ones in the model


















dS2 = dt2 − dl2(x), dl2(x) = 1
f 2






1 0 0 0
0 f 0 0
0 0 f 0
0 0 0 f
∣∣∣∣∣∣∣∣
. (12.3a)
Let n0 = (−1 + δ), where δ stands for a innitely small quantity , then





ni =∞ ni . (12.3b)
This means that all the set of nite oordinates { xi = ∞ ni ; ~n2 = 1 } represents one the
same point na = (−1; 0, 0, 0) on the sphere. Cartesian ci-oordinate in S˜3 an be onneted
with xi-oordinates in the S3 as follows (it is a 2 =⇒ 1 mapping):
2xi
1− x2 = c
i ; (12.4a)
to the sets xi and x
′i = −xi/x2 orresponds one the same vetor ci = c′i. The inverse map is
2-valued:

























x2(+) < 1 , x
2
(−) > 1 , (c
2 →∞, x2(±) → 1∓ 0) ,
1√
1 + c 2
= δ
1− x 2(δ)
1 + x 2(δ)
. (12.4c)
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Thus, the whole sphere, omposed of two parts, an be overed by two maps:
n0(δ) =
δ√
1 + c 2
: =⇒
n0(+1) ∈ [ 0, +1 ] ,








it is onvenient to have their form in two limits:
~c→ 0 ~c0 : n0(+1) → +1 , ~n(+1) → 0 (+1) ~c0 = 0 ,
~c→∞ ~c0 : n0(+1) → +1/∞ = 0 , ~n(+1) → + ~c0 ,
~c→ 0 ~c0 : n0(−1) → −1 , ~n(−1) → 0 (−1) ~c0 = 0 ,
~c→∞ ~c0 : n0(−1) → −1/∞ = 0 , ~n(−1) → − ~c0 .
(12.4e)
So, the mapping with δ = +1 to the zero vetor ~c = (0, 0, 0) refers the
point na = (+1, 0, 0, 0); whereas the mapping with δ = −1 to the zero vetor
orresponds the point na = (−1, 0, 0, 0).
Now with the use of tensor transformation law let us alulate the metri tensor ci-
oordinates of elliptial spae Here we fae some peuliarities steaming from 2 =⇒ 1 harater








+ ci cj ] dxj(δ) = [ δij (1 + δ
√




+ ci cj ] dxj(δ)[
2δik
1− x2(δ)



























jck ] dxj(δ)dxk(δ) . (12.5b)







cjck dxj(δ) dxk(δ) . (12.5c)
Combining two last relations, we get to
dl2(x(δ)) =
4 dxj(δ) dxk(δ)










dcj dck = dl2(c) . (12.5d)
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In the following we will need the ontra-variant metrial tensor:
gkj(c) = (1 + c2) (δkj + ckcj) . (12.5e)
When the metri gik(c) is employed one need to x a ertain tetrad  by denition it
obeys







to be satised. There exists one method to x a tetrad, preserving some onsisteny with
the situation in spherial model. It onsists in oordinate transforming the onformally at




(−1) must be treated separately) to c
i
-oordinates




























In this way we are able to onstrut two tetrads satisfying eq. (12.6). The problem is redued








































a + b c1c1 b c1 c2 b c1 c3
b c1 c2 a+ b c2c2 b c2 c3












One may perform independent alulation whih will lead us to the same result. Indeed,
let us look for a solution to tetrad equation in the form
ei(j)(c) e(j)k(c) = gik(c) , ei(j)(c) = A δij +B c
icj ,








A = − µ√
1 + c2




1 + c2 + ν ) .
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With the use of identity
(µ
√






1 + c2 − ν) ,











(1− νµ√1 + c2) .
Thus, four dierent variants are possible:
(1) (µ, ν) = (+1,+1) : A = − 1√
1+c2




(2) (µ, ν) = (−1,+1) : A = + 1√
1+c2







(3) (µ, ν) = (−1,−1) : A = + 1√
1+c2




(4) (µ, ν) = (+1,−1) : A = − 1√
1+c2








The variants (1) and (2) oinide with listed above (12.7a). variants (3) and
(4) orrespond to tetrads, P -reeted to (1) and (2). These additional possibilities
an be omitted.
These tetrads are substantially dierent whih beome evident on looking in their form
in limiting points:
~c → ǫ(~c 0) , ~c → ± ǫ−1(~c 0) , ǫ→ 0 .
Indeed, the metri tensor being gik(0) = δik , gik(∞) = ǫ2 (δij − c0i c0j) → 0 whereas tetrads
behave in aordane with
e
(+1)
(i)j (0) = δij , e
(+1)
(i)j (∞) =





∣∣∣∣ 1 00 −δij + 2c0i c0j
∣∣∣∣ , e(−1)(a)α (∞) =
∣∣∣∣ 1 00 ∓ǫ(δij − c0i c0j )
∣∣∣∣ .
On general onsiderations, two tetrads (12.7a) must be onneted by a loal 3-rotation
e
(−1)
(i)k (c) = Oij e
(+1)
(j)k (c) , (12.7)
whih an be alulated expliitly (the notation
√
1 + c2 = s is used):
O lk (c) = O
l









(−s δki − c
kci
1− s) (δij + c




= −δkl + 2c
kcl
c2
= −δkl + 2ck0cl0 , ~c 20 = 1 . (12.8a)
It is a loal gauge rotation of the above speial type (12.2b):
O(±∞ ~c0) = I + 2(~c×0 )2 = (12.8b)
43
=∣∣∣∣∣∣
1− 2(c20c20 + c30c30) 2c10c20 2c10c30
2c10c
2







0 1− 2(c10c10 + c20c20)
∣∣∣∣∣∣ = −δkl + 2ck0cl0 .
Now in the elliptial spae let us introdue ylindrial oordinates and tetrad. Two half-
spae of spherial spae are given by
n0 = cos ρ cos z , n3 = cos ρ sin z , n1 = sin ρ cosφ , n2 = sin ρ sin φ ,










, π ] .
So one an use any of these two domains to over the elliptial spae model:
G˜(+1)(φ, z) : φ ∈ [−π, +π] , z ∈ [−π/2,+π/2] ,
G˜(−1)(φ, z) : φ ∈ [−π, +π] , z ∈ [−π,−π/2]⊕ [+π/2,+π] ;
(12.9b)
The latter an be illustrated be the Fig 24:










It should be noted that the domain G˜(−1) onsisting of two parts an be transformed to
the domain G˜(+1) through the speial hange of variables:
z ∈ [π
2





] , z = −π − Z , Z ∈ [−π
2
, 0] , (12.10a)
Here the half-spae n
(−1)
0 ∈ [ −1, 0 ] is overed by
n0 = − cos ρ cosZ , n3 = cos ρ sinZ ,
n1 = sin ρ cosφ , n2 = sin ρ sinφ , (12.10b)
in ci-oordinates this looks as
c1 = −tan ρ
cosZ
cos φ , c2 = −tan ρ
cosZ
sinφ , c3 = − tanZ ; (12.10c)
This referring of two domains
G˜(δ=−1)(ρ, φ, z) z→Z=⇒ G˜(δ=+1)(ρ, φ, Z)
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G˜2(0, φ, Z) : ρ = 0 , ~c = −(0, 0, tanZ),
G˜3(0, φ, Z) : ρ = π/2 , ~c = −∞ (cosφ, sinφ, 0), .
(12.11a)








































G˜2(0, φ, z) : ρ = 0 , ~c = (0, 0, tan z), ;
G˜3(0, φ, z) : ρ = π/2 , ~c =∞ (cosφ, sinφ, 0), .
(12.11b)
We will see below that two other variants ombining previous ones δ = +1,−1
may be of interest. In the Fig 24 they orrespond to the domains (A), z ∈ [0,+π]
and (B), z ∈ [−π, 0] .
For deniteness, let us follow the variant δ = ±1 and orrespondingly two tetrads:
(φ, z) ∈ G˜(+1)(φ, z) , (φ, z) ∈ G˜(−1)(φ, z)






0 sin ρ 0
0 0 cos ρ
∣∣∣∣∣∣ . (12.12)





(a) (y) tetrad bases in elliptial spae.







β (c) ; (12.13a)
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and thee matrix L
(δ) b
a (y) reads s (the notation is used: (1 + δ cos ρ cos z)−1 = ϕ)
L(δ) ba (ρ, φ, z) =
∣∣∣∣∣∣∣∣
1 0
0 δ ϕ (cos ρ+ δ cos z) cosφ
0 −δ sinφ
0 ϕ sin ρ sin z cosφ
0 0
δ ϕ (cos ρ+ δ cos z) sin φ −δ ϕ sin ρ sin z
δ cosφ 0
ϕ sin ρ sin z sin φ δ ϕ (cos z + δ cos ρ)
∣∣∣∣∣∣∣∣
. (12.13b)
By denition, the matrix L
(δ=+1) b
a (ρ, φ, z) must be onsidered in the domain
G˜(+1)(ρ, φ, z), whereas the matrix L
(δ=−1) b
a (ρ, φ, z) should be taken in G˜(−1)(ρ, φ, z).
In isotropi form (for more detail see in [23℄) the matrix L(δ) is given by




(1 + δ ϕ (cos z + δ cos ρ)) (1− δ ϕ (cos z + δ cos ρ))
(1− δ ϕ (cos z + δ cos ρ)) (1 + δ ϕ (cos z + δ cos ρ))
−δ ϕ sin ρ sin z +δ ϕ sin ρ sin z
−δ ϕ sin ρ sin z +δ ϕ sin ρ sin
ϕ sin ρ sin z e−iφ ϕ sin ρ sin z e+iφ
−ϕ sin ρ sin z e−iφ −ϕ sin ρ sin z e+iφ
δ (1 + δ ϕ (cos z + δ cos ρ) e−iφ −δ (1− δ ϕ (cos z + δ cos ρ)) e+iφ
−δ (1− δ ϕ (cos z + δ cos ρ)) e−iφ +δ (1 + δ ϕ (cos z + δ cos ρ)) e+iφ
∣∣∣∣∣∣∣∣
(12.15a)
The isotropi matrix (12.15a) must be seeing as parameterized in aordane with
U(ρ, φ, z) =
∣∣∣∣∣∣∣∣
aa∗ cc∗ ac∗ a∗c
cc∗ aa∗ −ac∗ −a∗c
−ac ac aa −cc
−a∗c∗ a∗c∗ −c∗c∗ a∗a∗
∣∣∣∣∣∣∣∣
; (12.15b)
where a, b stand for the elements of spinor matrix B(δ):
B(δ)(ρ, φ, z) =
∣∣∣∣ a c−c∗ a∗
∣∣∣∣ =
∣∣∣∣ A(y) eiα(y) C(y) eis(y)−C(y) e−is(y) A(y) e−iα(y)
∣∣∣∣ (12.15c)




(1 + δ ϕ (cos z + δ cos ρ)) =
(1 + cos ρ)(1 + δ cos z)






(1− δ ϕ (cos z + δ cos ρ)) = (1− cos ρ)(1− δ cos z)
1 + δ cos ρ cos z
,
From the given A2 and a2 one nds e−iα:
e2iα A2 = a2 = δe−iφ [1 + δ ϕ (cos z + δ cos ρ)] : =⇒
eiα = σ
√
δ e−iφ/2 , e−iα = σ (
√
δ )∗ e+iφ/2 , σ = ±1 .
Now, from given −a∗c, it follows expression for eis:
−Ae−iαCeis = −ϕ sin ρ sin z e+iφ =⇒
eis =








Thus, the spinor gauge matrix B(δ)(ρ, φ, z) is
A(y) = +
√
(1 + cos ρ)(1 + δ cos z)




(1− cos ρ)(1− δ cos z)




δ e−iφ/2 , e−iα(y) = σ (
√


























for B(+1)(ρ, φ, z) and B(−1)(ρ, φ, z) we get
B(+1)(ρ, φ, z) =
1√









1− cos ρ sin z
2
e−iφ/2








B(−1)(ρ, φ, z) =
1√













1− cos ρ cos z
2
i e−iφ/2√
1− cos ρ cos z
2




Below it will be used notation +
√
sin2 z/ sin z = Sgn z ∈ {+1,−1} .
By proedure used, the matrix B(δ=+1)(ρ, φ, z) should be onsidered in the
domain G˜(+1)(ρ, φ, z), and the matrix B(δ=−1)(ρ, φ, z) should be taken in the
domain G˜(−1)(ρ, φ, z). In the same time, one might employ them both in one the
same domain, in suh a ontext these two matries would be onneted by a loal
spinor gauge transformation assoiated with vetor matrix (12.8).
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In the viinity of the point (n0 = +1, 0, 0, 0) (the limit of at spae) the matrix B(+1) will
look
ρ → 0, z → 0 : B(+1)(ρ, φ, z)→
∣∣∣∣ e+iφ/2 00 e−iφ/2
∣∣∣∣ . (12.17a)
As for the matrix B(−1), the viinity of opposite point (n0 = −1, 0, 0, 0) should be taken:
ρ→ 0, z = π − Z, Z → +0 , z = −π − Z, Z → −0
and
B(−1)(ρ, φ, z) →
∣∣∣∣ i e+iφ/2 00 −i e−iφ/2
∣∣∣∣ ; (12.17b)
13. On ontinuity ondition for a fermion in elliptial spae
Now we are ready to solve the main problem  analyzing the ontinuity ondition for
a fermion in elliptial spae. There are two dierent bases playing the role of Cartesian in
elliptial spae:
ψcart = B
−1(ρ, φ, z) ψcyl ; (13.1)
eah variant with δ = +1 and δ = −1 presupposes its own domain G˜(δ)(ρ, φ, z) with respetive






1 + cos ρ cos z
[







1 + cos ρ cos z





1 = (Sgn z)
ei(m−1/2)φei(k+1/2)z√
1− cos ρ cos z
[





2 = (Sgn z)
ei(m+1/2)φei(k−1/2)z√
1− cos ρ cos z
[ −i sin ρ e+iz G1(ρ) + (−1 + cos ρ e+iz) G2(ρ) ] .
(13.3)
Beause the requirement of ontinuity inludes identity
φ =⇒ φ± π , z =⇒ z ± π .
it is easily seen that both variants, (13.2) and (13.3), lead us to the same result:
no fermion solutions ontinuous in elliptial spae exist.
One ould try to onstrut ontinuous in S˜3 solutions through the ombination










δ = +1, c3 > 0



































Identiation in horizontal boundaries is made in aordane with
(φ, z = +0) : c1 = + tan ρ cos φ , c2 = + tan ρ sinφ , c3 = 0 ,
(φ+ π, z = π − 0) : c1 = + tan ρ cos φ , c2 = + tan ρ sinφ , c3 = 0 ; (13.4a)
the points of the internal dashed line in Fig 27 are assoiated with the innite length vetors
(φ, z = π/2− 0) : c1 = +∞ tan ρ cos φ , c2 = +∞ tan ρ sin φ , c3 = +∞ ,










δ = +1, c3 < 0



































Identiation in horizontal boundaries is made in aordane with
(φ, z = −0) : c1 = + tan ρ cosφ , c2 = + tan ρ sinφ , c3 = 0 ,
(φ+ π, z = −π + 0) : c1 = + tan ρ cosφ , c2 = + tan ρ sinφ , c3 = 0 ;
(13.5a)
the points of the internal dashed line in Fig 27 are assoiated with the innite length vetors
(φ, z = −π/2 + 0) : c1 = +∞ tan ρ cos φ , c2 = +∞ tan ρ sin φ , c3 = −∞ ,
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(φ, z = −π/2− 0) : c1 = −∞ tan ρ cosφ , c2 = −∞ tan ρ sinφ , c3 = +∞ ,
(13.5b)







1 + cos ρ cos z
[









1− cos ρ cos z
[









1 + cos ρ cos z







1− cos ρ cos z
[











1 + cos ρ cos z
[









1− cos ρ cos z
[









1 + cos ρ cos z







1− cos ρ cos z
[−i sin ρe+izG1 + (−1 + cos ρe+iz)G2] ,
(13.7)
It is easily seen that both in (A) and (B), one an satisfy ψ(M) = ψ(M ′),
where M and M ′ belong to vertial and horizontal boundaries, however suh
solutions would take dierent values in the identied point ±∞~c0 of the internal
dashed lines. Therefore, the variants (A) and (B) give the same result: any Dira
solutions ontinuous in elliptial spae model do not exist.






































1 0 0 0
0 1/f 0 0
0 0 1/f 0
0 0 0 1/f
∣∣∣∣∣∣∣∣
; (A.2d)
here a and α take values 0, 1, 2, 3; (a) stands for a tetrad index; α stands for a generally
ovariant index. Also, in the spherial spae one am introdue ylindrial oordinates and
tetrad:
n1 = sin ρ cosφ , n2 = sin ρ sinφ , n3 = cos ρ sin z , n4 = cos ρ cos z ,
dl2(y) = (dρ2 + sin2 ρ dφ2 + cos2 dz2) , eα(a)(y) =
∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 sin−1 ρ 0
0 0 0 cos−1 ρ
∣∣∣∣∣∣∣∣
; (A.3)
G(ρ, φ, z) = {ρ ∈ [0, +π/2] , φ ∈ [−π, +π] , z ∈ [−π, +π] } .
It is the matter of simple alulation to nd a vetor and spinor gauge matries relating




L ba (y) e
β
(b)(x) ; (A.4a)
from this it follows







β (x) . (A.4b)
With the use of the formulas
x1 =
sin ρ cosφ
1 + cos ρ cos z
, x2 =
sin ρ sin φ
1 + cos ρ cos z
, x3 =
cos ρ sin z





(cos ρ+ cos z) cosφ





(cos ρ+ cos z) sin φ




= − sin ρ sin z




= − sin ρ sinφ





sin ρ cos φ








sin ρ cos ρ sin z





sin ρ cos ρ sin z





(cos ρ+ cos z) cos ρ
(1 + cos ρ cos z)2
.
one an determine the expliit form of L ba (y) (below ϕ = (1 + cos ρ cos z)
−1
)
L ba (y) =
∣∣∣∣∣∣∣∣
1 0 0 0
0 ϕ(cos ρ+ cos z) cos φ ϕ(cos ρ+ cos z) sin φ −ϕ sin ρ sin z
0 − sin φ cos φ 0
0 ϕ sin ρ sin z cosφ ϕ sin ρ sin z sinφ ϕ(cos ρ+ cos z)
∣∣∣∣∣∣∣∣
. (A.6)
By the given vetor matrix L ba (ρ, φ, z) one should determine a orresponding spinor matrix
B(ρ, φ, z) =
∣∣∣∣ a c−c∗ a∗
∣∣∣∣ , B ∈ SU(2) , a a∗ + c c∗ = +1 .
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It is onvenient to employ isotropi representation for the above vetor matrix L(y) =⇒





1 0 0 1
1 0 0 −1
0 1 −i 0






1 1 0 0
0 0 1 1
0 0 i −i
1 −1 0 0
∣∣∣∣∣∣∣∣
. (A.7)
In isotropi basis the Lorentz matrix must be parameterized in aordane with
6
U(ρ, φ, z) =
∣∣∣∣∣∣∣∣
aa∗ cc∗ ac∗ a∗c
cc∗ aa∗ −ac∗ −a∗c
−ac ac aa −cc
−a∗c∗ a∗c∗ −c∗c∗ a∗a∗
∣∣∣∣∣∣∣∣
. (A.8)
In this way for the spinor matrix one nd the expression (it sues to follow the 2-
omponent spinor)
ξcyl = B(ρ, φ, z)ξcart : B(ρ, φ, z) = σ




1 + cos ρ












More details on the properties of that spinor transformation see in [23℄.
6
For more detail see [23℄.
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